STABILITY ESTIMATES FOR THE INVERSE BOUNDARY VALUE 
PROBLEM BY PARTIAL CAUCHY DATA 
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r""s , Abstract. In this paper we study the inverse conductivity problem with partial data in 

*vj ' dimension n > 3. We derive stability estimates for this inverse problem if the conductivity 

has C 1 '"^) n H% +a (n) regularity for < a < 1. 
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1. Introduction 



< 

In 1980, A. P. Calderon published a short paper entitled "On an inverse boundary value 

problem" [6]. This pioneer's contribution motivated many developments in inverse problems, 

r"| ■ in particular in the construction of "complex geometrical optics" (CGO) solutions of partial 

Oh| differential equations to solve inverse problems. The problem that Calderon considered was 

(— i whether one can determine the electrical conductivity of a medium by making voltage and 

current measurements at the boundary of the medium. This inverse method is known as 

Electrical Impedance Tomography (EIT). EIT arises not only in geophysical prospections (Sec 

[29]) but also in medical imaging (See [11], [12] and [15]). We now describe more precisely 

the mathematical problem. Let Q C K™ be a bounded domain with smooth boundary. The 

electrical conductivity of ft is represented by a bounded and positive function 7(2;). In the 

absence of sinks or sources of current the equation for the potential is given by 

IT) ' V ■ 7V?! =0 infi 

CnI ■ since, by Ohm's law, 7V w represents the current flux. Given f £ H* (dQ.) on the boundary 

_u ' the potential u G H l (Vi) solves the Dirichlet problem 

V ■ 7VU = in fl 
u = / on dfl. 



o 

m ■ (1.1) 



The Dirichlct-to-Neumann map, or voltage to current map, is given by 



- 1—1 

x, 

where d u ii = v ■ Vit and v is the unit outer normal to dfl. The well-known inverse problem 
is to recover the conductivity 7 from the boundary measurement A 7 . 

The uniqueness issue for C 2 conductivities was settled by Sylvester and Uhlmann [23]. 
The regularity of conductivity was relaxed to 3/2 derivatives in some sense in [4] and [20]. 
Uniqueness for conormal conductivities in C 1 ' 6 was shown in [8]. See [26] for the detailed 
development. Recently, Haberman and Tataru [9] extended the uniqueness result to C 1 
conductivities or small in the W l,oa norm. It is an open problem whether uniqueness holds 
in dimension n > 3 for Lipschitz or less regular conductivities. 

For the stability result, in 1988, a log-type stability estimate was derived by Alessandrini 
[1]. Mandache [18] has shown that this estimate is optimal. Later, Heck [10] proved the 
stability for conductivities in C 1 '^ +e fl H? +e with smooth boundary in 2009. For the case 
7 G C 1,£ ,0 < £ < 1, Caro, Garcia and Reyes used Haberman and Tataru's ideas to derive 
the stability result with Lipschitz boundary. For a review of stability issues in EIT sec [3] . 
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All results mentioned above are concerned with the full data. In several applications 
in EIT one can only measure currents and voltages on part of the boundary. A general 
uniqueness result with partial data was first obtained by Bukhgeim and Uhlmann [5] when 
the Neumann data were taken on part of <9f2 which is slightly larger than the half of the 
boundary. Their result was improved in [17] where the Cauchy data can be taken on any part 
of the boundary. In [5] and [17], the conductivities are in C 2 . The regularity assumption 
on the conductivity was relaxed to C 1,e ,e > by Knudsen in [16]. In 2012, Zhang [28] gave 
the uniqueness result with C 1 l~l H ' conductivities by using the idea in [9] and following 
the argument in [16]. The stability estimates for the uniqueness result of [5] were given by 
Heck and Wang in [13]. Heck and Wang proved the log-log type stability estimate with 
partial data. They improved their result to the log type stability in the paper [14] in 2007 
by considering special domain. In this paper, we derive a log-log type stability estimate for 
less regular conductivities. 

To state the main result, we first introduce some notations. Picking a ?; G S n ~ l and 
letting e > 0, we define 



dfl +i6 = {x€dCl:r]- v{x) > e}, <9ft_, £ = dn\dCl + , e . 

The localized Dirichlct-to-Neumann map is given by 

A 7 : f t-t jd v u\dn_ :S - 

So A 7 is an operator from H* (dil) to H~^(dil- !£ ), the restriction of H~?(dVL) onto c?Sl_ e . 
The operator norm of A 7 is denoted by ||A 7 ||*. 

Theorem 1.1. Let Q, c R", n > 3, be an open, bounded domain with C 2 boundary. Assume 
that 7j € C 1 ' CT (n) n Hi +a (n) with < a < 1 and jj > 70 > for j = 1, 2. Suppose that 



7i = 72 and <9„7i = d u j 2 on <9f2 +i£ . 
Then there exist constants 9,0, a £ (0, 1) such that 

(1.2) || 7 i - l2\\ C o, m <(||A 71 - A 7 J* + 1 log I log ||A 7l - A 



72 11*1 



Note that the symbol < means that there exists a positive constant for which the estimate 
holds whenever the right hand side of the estimate is multiplied by that constant. 

To deriving the estimate (1.2), we adapt Zhang's argument [28] to the case A 7l 7^ A 72 . 
Then we will get an estimate of the Fourier transform of q = (ik) Vu+V(log y^Ti+log ^72) Vu 
on some subset of E™ where v = log ,/ti — log ^fyi- Since q can be treated as a compactly 
supported function, its Fourier transform is real analytic. We use Vessella's stability estimate 
for analytic continuation [27] to our case here. This idea was first introduced in [13] to get 
the log-log type stability estimate with partial measurements. 



2. Preliminary result 

Let n > 3 and H, C K n be an open bounded domain with C 2 boundary d£l throughout 
the paper. Assume that jj £ C la (U) n H^ +C! (£l) with < a < 1 and jj > 70 > for 
j = 1,2. Let H C B. We can extend 7*, to be the function in R™ such that 7, e C 1 ' ff (M") 
and 7j - 1 e H i +cr (M") with supp(7j -1)CB, 

Let * t = t n ^{tx) where * g C^°(R") supported on the unit ball and /* = 1. Denote 
that (j> = log 7 and A = Vlog7. Define <p t = ty t * </> and A t = fy t * A. Then the following 
results are from [16] and [21]. 



Lemma 2.1. Let 7 G C li<7 (R ra ) /or < cr < 1 and 7- 1 G iJ* +<T (]R n ) wit/i compact support. 
Then 



< Ci" 1 ^, 



Ut-4>\\L 

\\At-A\\ L - <Ct 
and 



<Ct' i ' a , 



\\V-A t \\ L 2 <Ct 

\\4>t-4>\\L* 

\\A t -A\\ L2 <Ct-i-°. 

The following lemma is taken from [28]. 

Lemma 2.2 (Zhang). Let fl C M. n ,n > 2 be a bounded domain with C 2 boundary and 
u G H 1 (0). TTien i/iere exists a constant C such that 

1/2 / - ,1/2 

2 dS < C I [ / u 2 dx ) / |Vd 2 da; + / u 2 dx 



u 
on I \JQ / \Jn / Jo. 

We will need the stable determination of the conductivity at points on the boundary of 
0. Since the stability estimate derived in [2] is local, the same estimates should hold for the 
localized Dirichlet-to-Neumann map. This result can be proved by the same arguments in 

[2]- 

Theorem 2.3. Let 7j G C^^SO) for j = 1,2. Then 

(2-1) ||7i-72|U~(90) < l|A 7l -A 72 |U 



(2.2) Y, !l^7i-G> Q 72|U^)<l|A 7l -A 72 ||« 

|a|=l 

for some < 9 < 1 depending only on a. Here the implicit constants depend on n, 0,(7, 70 

and hjllci.-CQ) f° r J = M- 

We will use the following theorem to obtain the stability estimate on a large ball B(0, R) 
by controlling an open subset of B(0, R). This idea was introduced in [13]. 

Proposition 2.4 (Vessella). Let To, do > 0. Let D c M" be an open, bounded and connected 
set such that {i£fl: d(x,dD) > r} is connected for any t G [0, to]. Let E C D be an open 
set such that d{E,dD) > do. If f is an analytic function with 

Mai 

||0°7IU~(D) < -jj, forallaeW 1 

for some M, p > 0, then 

\ f (x)\ < (2My-^ E y\ D H\\f\\^ {E) f m/m , 

where G (0, 1) depends on do, diamD, To, n, p and d(x, dD). 



3. Complex geometrical optics solutions 

In this section, we will review the construction of CGO solutions for the conductivity 
equation following the arguments presented in [28], but with the conductivity in C 1,cr ,0 < 
a <l. 

First, we introduce the spaces X5 and Xi which arc defined by the norm 

NI*! = lllPc(0l 6 fi(OIU» 

and 

HI^ = ll(ICI + |Pc(OI) 6 fi(OIU». 

respectively. Here p^ (£) = — 1£| 2 + 2i( ■ £ is the symbol of A + 2£ • V. 

Let £1 be an open bounded domain in R", n > 3 with C 2 boundary. Let 7 £ C l ' a (Sl) and 
let u be the solution of V • (~fVu) = in fi. Then u satisfies 

(3.1) (-A-A- V)u = in O, 

where A = V log7 £ C 0,o '(O). Suppose that the CGO solutions of (3.1) are of the form 

u = e ^e^^l + w(x, C)), 

with <^ t = *&t* <t> an d C € C", C ' C = 0. Here we denote (/> = log 7. Then the function w 
satisfies the following equation 

(3.2) (-A + {A t - A) ■ V + q t )(e x< (l + w)) = 0, 
where qt = ^V • A t — j(A t ) 2 + \A ■ A t . Equivalently, w is the solution of 

(3.3) (-A c + (A t - A) ■ V c + q t )w = (A-A t )-(-q t , 

where -A c = A + 2( • V and V c = V + (. 

Given k £ W 1 . Let 77,771 £ 5 n_1 and k, 77,771 S 1" be mutually orthogonal. We choose 
Ci = -S77 — i(| — r77i) and ( 2 — sr) — ?(f + r?7i) such that |fc| 2 /4 + r 2 = s 2 , & • Q = and 

Ci + C2 = -ik. 

Theorem 3.1 (Zhang). Let 7 £ C 1 (IR' 1 ) with 7 > 70 > and 7 = 1 outside a ball. Then 
for any fixed k £ M. n , there exists a sequence Q with \Q \ = \2s n such that 

(3-4) Ik^Hx 1 ' 2 £ II ( A °n ~ A) -Ci™ 3 + <Z* J|*-i/ a -K) asSn-^0. 

c («) c («) 

Moreover, 

II ( n )ll «- —1/211 (™)ii 11 (™)n <-- 1/211 Mil 

IK lli 2 (fi) ^s n ' ||w) l^i/2 ; \\w\ 1hi(o) <s„ x \\w\ '\\ ± y2 



c (») 



OTld 



K w IU (a) S llt^W ; II^W) < 4 /2 lM n) ll*v 



where w\ n is a solution of (3.3) with t = s„ and .A = V<^i = Vlog7i. 
From Theorem 3.1, we take the CGO solutions 

u\ ' = e 2 e « (1 + w\ ') 



and 



u 



(»)_ 



e -^e x <- (1 + wr) 



The CGO solutions can also be written as 



(3.5) u| n) = e~ £V« (1 + u;| n) ) = VtTV^ (1 + Vi (n) ) 

for i = 1,2. Here t/> 4 = </7^(e 2^ — \/77~ ) + \/7ie a^twj . For simplicity, we will no 
write the superscripts (n) and the subscripts of s n unless otherwise particularly specified. 



Note that by lemma 2.1 and Theorem 3.1, we have 

(3.6) Uihnu) <s _1_<T + a-^IKH^i/a. 
Lemma 3.2. For < a < 1, if A is sufficiently large we have 

(3.7) \f f \\{A a -A)'t + q a \\* /2 dsdri<\-* r +\- 1 . 

Proof. Let $ be a cut-off function on the support of A s and A. Then, by Lemma 2.2 in [9], 
we have 

||(A s ) 2 ||^ 1/2 = ||$(A s ) 2 ||^ 1/2 < \\{A 8 f\\ x _ 1/2 < s- 1 , 

\\A.A S \\\_ V2 = mA-A s )\\\-y. < \\A-A 8 f x _ 1/2 <s-\ 

Observing that |(V • A s )(0\ = \Z ■ M = \£ ■ *(§)i(OI < ||*(§)IU~|£ ■ A < |(V • A)(t)\. 
Let h = vA and "J/j = h n ^(hx) as in Lemma 2.1. Using Lemma 3.1 in [9], we have 



T / f \\V ■ A s \\ 2 1/2 dsdri 
t/ / ||V-A|£_ 1/a d«fej 



<~ / / \\V-{* h *A)\\ 2 /2 dsdr 1 +\( [~ \\V-(* h *A-A)\\ 2 1/2 dsdr, 
<i||V •(*,,* ,4)11^ + 11^* A- A|| 2 2 



(3.8) 

<A~5- CT . 



By the definition of q s , we can deduce that 

t / / hsfj-i/zdsdr) 

A Js"-i A x < 

r2\ 



<\ J f x IIV • i4.ll J_ 1/a + ||(A) 2 |||-v 2 + \\A ■ A s \\ 2 x _ 1/2 dsd v 
(3.9) ^A-^^ + A- 1 . 



Using Lemma 2.1, we get that 



\J J \\{A s -A).a\-v*dsd n 



p2X 
< ' 



- / s\\A„ -A\\ 2 L2 dsdr) 

A JS"- 1 J A 



s-- 1 JX 

<\ [ f s- 2a dsdri 
A Js™- 1 Jx 



(3.10) <A 



-2ct 



□ 



< 

'XV ~ " v ~~° ~ -/ ' ' ""-X 



2 rO II (-^s — -4) • C + Qs\\ ■ -1/2- By lemma 3.2, we obtain the following 



t c 

estimate 

(3.11) |/ / ||u;||^ 1/2 dsdi7 < A -2 " + A -1 . 

The following Carleman estimate is deduced by Zhang by using the Carleman estimate 
in the paper [16]. 

Theorem 3.3 (Zhang). Let n G S"" 1 and u G H 2 (Vt). Suppose that 7 € C l {Vt). Then 
there exists a constant Sq > such that for s > s , we have 

C(s 2 |M||2 (0) + ||V«||i a(n) ) - C lS 2 f \u\ 2 dS 

J on 



- C 2 / ud v udS + / As^{d v ud n u) - 2s{v • t?)|Vm| 2 + 2s A (v ■ n)\u\ 2 dS 
Jan Jan 

(3.12) < ||e— "(-A + (A s A) ■ V + q s )(e^u)\\ 2 LHny 

Proposition 3.4 (Knudsen). Suppose jj G C 1 (f7), j = 1, 2 and suppose that u\,u 2 G i? 1 (fi) 
satisfy V • T/Vitj = in fl. Suppose that u\ G H l (£l) satisfies V • 71VU1 = wii/i ui = u 2 
on 917. TTien 

(3.13) / (^71^^72 - \fl2^\/li) ■ V(uiu 2 )dx = / 7i0„(wi -u 2 )uidS, 
Ja Jan 

where the integral is understood in the sense of the dual pairing between H l ' 2 {dSl) and 

H- l ' 2 {dn). 



Proposition 3.4 implies that 

/ (%/tTV x /tJ- V72 v \/t7) • V(Miu 2 )da; 
in 



(3.14) = / 7i9i/(ui — u 2 )u\dS + / 7id 1 ,(wi — u 2 )u\dS. 

Jan +<e J3f!_ ;e 

In the rest part of this section, we will estimate the right hand side of (3.14). First, we 
estimate the second term on the right hand side of (3.14). Using Theorem 2.3 and trace 
theorem, we have 

l\d v {ui — u 2 )u 1 dS\ 2 
an-, E 

<n + vi\\l*(ao .) [ e'^^d^-u^dS 

' Jan_. E 

<l|l + HI^( 9 n .) / e-^^(| 7 i^ 1 -72^ 2 | 2 + |(7i-72)«9^ 2 | 2 )d5 

<||1 + wi|||, 3(sn _ >B) e c8 (||(A Tl - A 72 )u 2 ||!2 (a o_, e ) + ll7i-72|li-(a!:2)!|A 72 u2!l|2 (af2 _ ]E) ) 

<P + wi\\h(an- , e) e cs (l|A 7l - A l2 \\l\\u 2 \\ 2 H1{n) + || 7 i - 72 Hi °°{an)\\~^\\l\\Mm{n)) 
(3.15) 

<e cs ||A 7l -A 72 ||2|| U2 ||| rl(n) . 

Note that by Lemma 2.2 and Lemma 3.1, we have 

Il 1 + W i|li2(an_, e) < l + lkill^.1/2, 
where ||wi|| 2 1/2 is neglected if s is sufficiently large. 



an + , 



01s 01s 02 s 

Denote uq = e~(iii — 112) and (5u = (e^~ — e~^~~)u 2 . Let u = uq + <5«. The first term 
on the right hand side of (3.14) is bounded by 

7i<9„(ui - u 2 )u 1 dS\ 2 

<||l + ^i|li 2(ao+e) / e- 2 — i\d v { Ul -u 2 )\ 2 dS 

(3.16) <(l + K!l t i/ 2 )( / e- 2xsr *\d v u\ 2 dS+ I e- 2xsr >\dju\ 2 ds). 

Lemma 3.5. Let 51 c IR™,n > 3, fee an open, bounded domain with C 2 boundary. For 
i = 1,2, let ji £ C l,a (£l) ni?2+ cr (J7) be a real-valued function and 7.; > 70 > 0. Suppose 
that 71 |an+, e = 72 |an + , e anrf 9i/7i|en +i(! = eJi/yalan+.g- Iften 

(3.17) / e- 2a; -^|Vfe| 2 ^< S - 2CT (l + || W2 || 2 . 1/2 ), 
Jan + , e (2 

(3.18) / e- 2x ^\Su\ 2 dS<s- 2 - 2a (l + \\w 2 \\ 2 /2 ) 

and 
(3.19) 

I e- 2 *^\VSu\ 2 dS < (s~ 2 ° + ||A 7l - A 72 ||f + ,s 2 ||A 7l - A 72 || 2 )(l + \\w 2 \\ 2 ), 
•/an_, e «2 

(3.20) 

/ e- 2 ^\5u\ 2 dS < (s- 2 - 2CT + ||A 71 - A 72 || 2 )(l + \\w 2 \\ 2 1/2 ) 
Jao_, e c 2 

when s is sufficiently large. 

Proof. We will prove the estimate for J gn e~ 2x ' sr, \V5u\ 2 dS first. 

e- 2 °-"i\V6u\ 2 dS 
(3.21) <[ e^^^^ie^ -e ± ^)\ 2 \u 2 \ 2 dS+ ( e^^e^ - e^\ 2 \Vu 2 \ 2 dS. 

Using Theorem 2.3, the first term of the right side of (3.21) can be written as 
/ e- 2 ^\V(e^ -e^)\ 2 \u 2 \ 2 dS 
< f e- 2 ^"(|V(e^ - TtT)! 2 + |V(VtT - V^)f + |V(e^ - ^)\ 2 )\^\ 2 dS 

2 

^^2(\\ A Js - A j\\ 2 L ~(n) + ll v (Ti - 72)|lio= (a n) + hi - 72||ioo (an) 
j'=i 

+ \\<t>ja -^■|lioo ( n ) )(ll 1 + w 2||!2 (an) ) 

<( S - 2CT + ,s- 2 - 2 ^ + ||A 71 - A 72 ||f + +||A 71 - A 72 || 2 )(l + \\w 2 \\ 2 1/2 ). 

X <2 



To estimate the second term of (3.21), 

f e - 2 ^\e^-e^\ 2 \\7u 2 \ 2 dS 

< / (|e^ - VTi\ 2 + \VTi-V^\ 2 + Ie % - V^\ 2 )\Vw 2 \ 2 dS 

+ s 2 f (\e^-VTi\ 2 + \VTi^V^\ 2 + \^~V^\ 2 )^ + M 2 )dS 

2 

Sj^iMjB - <t>j\\l~ m + HVtT- V^lli»(an))(l|Vw 2 ||i 3(an) + S 2 (l + \\w2\\h (dn) )) 



3 = 1 

<( s - 2CT + s 2 ||A 7l -A 72 ||2)(l + || W2 ||| 1/2 ). 

<2 

Thus we have 



e- 2 ^\VSu\ 2 dS < {s~ 2 ° + ||A 71 - A 72 ||f + ,s 2 ||A 7l - A 72 || 2 )(l + \\w 2 \\ 2 /2 ). 

Since 7i|ao + . e = 72|ao + , e an.d9„7i|9n + , e = d^ 2 \dn +i€ , the estimate of J an+ __ e- 2x ' s11 \S75u\ 2 dS 
does not contain the ||A 7l — A 72 ||* terms. Thus, 

/ e- 2x - sr '\VSu\ 2 dS < S - 2 °{1 + || W2 || 2 1/a ). 
Jau + , e <2 

Similarly, we can deduce that 

/ e- 2 ' T - s "|(H 2 dS 
Jan_, e 

< / (le^ - VtTI 2 + IVtT " v^l 2 + |e^ " V^| 2 )(l + K| 2 )dS 

JdQ_ iS 

<( S - 2 - 2 ° + \\L n -A,Jl)(l + \\iu 2 \\ 2 ) 



and 



/ e- 2x ' s?? |(5w| 2 (iS 

</ (|e^-V7T| 2 + l^-V72"| 2 )(l + k2| 2 )d5 



<s- 2 - 2 -(l + ||u; 2 |! 2 /2 ) 



A" 

C2 



D 



Lemma 3.6. Under the same assumption as Lemma 3.5, we have 
f e- 2x - sn \d„u\ 2 dS 

<s- 2 ° + s- 1 + ||A 7l - A 72 ||f + s 2 ||A 7l - A 72 || 2 
(3.22) +e cs ||A 71 -A 72 ||2|| U2 ||^ 1(0) . 

for some < 9 < 1 when s is sufficiently large. 
Proof. Note that since Uolasi — 0, we have 

| / (v n)e- 2x - sri \d u u \ 2 dS\ < f e- 2x ^\d v (u x - u 2 )\ 2 dS 

< e cs ||A 7l -A 72 || 2 || U2 ||^ 1(0) . 



Let v = e x ' sr 'u. We plug v into the Carleman estimate in Theorem 3.3, then we get that 



48t(d v vd v v) - 2{v ■ r])\\/v\ z dS 



<„ / „.|2jc i / „2/,, „\l„.|2 



\v\ z dS+ I s z (vT 1 )\v\' z dS+- [ vd u vdS 
an Jan s Jan 

+ -Je- X ^(-A + (A ls A) ■ V + q ls )(e^v)\\l 2(n) 

4$l(d„vd v v) - 2(i/ • r))\Vv\ 2 dS 

an-_ E 

J + 11+ III + IV + V. 



For I and 77, since Molan = 0, it follows that 



a f \v\ 2 dS<s f e- 2x - S7 '\6u\ 2 dS 
Jan Jan 

<Gs- 1 - 2ff + S ||A 7l -A 72 ||2)(l + \\w 2 f Al/2 ) 



and 



f (is-r,)\v\ 2 dS<s 2 [ er 2x - sr >\5u\ 2 dS 
Jan Jan 

<( s - 2 - + s 2 ||A 7l -A 72 || 2 )(l + |M| 2 , 1/2 ). 






To estimate III, 



1 f 

- / vd v vdS 

s Jan 

=- I e- xsr, lmd v (e- x - sri u)dS 

s Jan 

= -{vrj) f e- 2x - sri \8u\ 2 dS +- f e- 2xsri fad u udS 
Jan s Jan 

<[ e- 2xs ^\Su\ 2 dS+- [ e- 2x - sr '\8u\ 2 dS+- [ e- 2x - sr >\d v 5u\ 2 dS 
Jan s Jan s Jon^, e 

+ - f e- 2x - sr >\d u u \ 2 dS+- f e- 2x -"i\d v u\ 2 dS 

s Jan- %e s Jan +iC 

< S " 1 ( S - 2CT + ||A 71 - A 72 ||f + s 2 ||A 7l - A 72 || 2 )(l + |K||* /2 ) 

C2 

+ I e cs ||A 7l -A 72 || 2 |M| 2 ) + i / e- 2x ^\d v u\ 2 dS. 
s s Jan+ e 
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Using Lemma 2.1 to estimate IV. 

l -\ 

s 

+ w 2 )\ 2 dx 



-\\e-^(-A + (A ls - A) • V + q ls ){e x ^v)\\\ 2m 

<- / e- 2 - s "|(-A + (A ls -A)-V + q ls )e x <>(l 
s Jn 

<I f e - 2x ^\((A ls - A) - (A 2s - A 2 )) ■ \7(e x <*(l + w 2 )) + (q ls - q 2s )e x <*(l + w 2 )\ 2 dx 
s Jn 



<s f \A 2 - A 2s \ 2 + |Ai - A ls \ 2 dx + s f (\A 2 - A 2s \ 2 + \A X - A ls \ 2 )\w 2 \ 2 dx 
Jn Jn 

+ - I {\A 2 - A 2s \ 2 + |Ai - A ls \ 2 )\Ww 2 \ 2 dx + - I \q 2s - q ls \ 2 dx 
s Jn s Jn 

+ - / \q-2s - qi s \ 2 \w 2 \ 2 dx 
s Jn 

2 2 

<sJ2\\A js A,j| 2 2 + J2 U ja ^||£-IM*i/ a + kg*. qis\\h 



3=1 3=1 

+ — ||«2 S -<7l.s||!=c||w 2 ||^l/2 

S C2 

^s-^ + s-'+s-^Wiv.W 2 . 

(2 



Now, for V, since uo\gn =0 implies that V«o = 9 v uq on 951. Then we have 
m(d v vd v v) - 2(v ■ r])\Vv\ 2 dS\ 



< f \Vv\ 2 dS 
Joci-, e 

<s 2 f e- 2x - S7 '\Su\ 2 dS + f e- 2x - sv \V6u\ 2 dS + f e- 2x - sr >\d v u \ 2 dS 
Jao_, E Jon- :C Jdn_ :C 

<(s~ 2 ° + ||A 7l - A 72 ||f + s 2 ||A 7l - A 72 || 2 )(l + |MlW) 
+ e cs ||A 71 -A 72 || 2 ||u 2 || 2 fl(0) . 
Combing the estimates from I to V , we obtain 

m{d u vd v v) - 2(v ■ T])\Wv\ 2 dS 



'XI 

C2 



Ml 



+,e 



< s -*° + s -i + ||A 71 - A 72 ||f + s 2 ||A 71 - A 72 || 2 

(3.23) +e cs ||A 71 -A 72 || 2 || U2 || 2 fl(0) + i / e - 2x ^\d„u\ 2 dS 

s Jon, , 



2 
'X 

Moreover, for (y ■ rf) > e > 0, we have 



since \\w 2 \\ . 1/2 can be neglected when s is sufficiently large. 

<2 



/ m(d v vd v v)- 2(i/-77)|V v\ 2 dS 
(3.24) > f {v^e-^-^^u^dS-s 2 f e- 2x - ar >\8u\ 2 dS - f e- 2x - s,, \VSu\ 2 . 
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Combining (3.23) and (3.24), we can deduce that 
/ e- 2x - ST >\d u u\ 2 dS 



< s - 2 ° + s - 1 + \\K-K\\f + s 2 \\K-K\\l 

+ e cs ||A 7l -A 72 ||2|| M2 ||2 /1(0) . 

if s is sufficiently large. □ 

4. Stability result 

We consider the function v := log^/71 — logy 7 ^ € if 1 ($7). This function v is a weak 
solution of 

(4.1) Av + 'V(\ogy/ri + logy/K)'Vv = F in ft 

«|ao = (log ^tT- log y^) I an, 

with F e H-^fi). 

Recall that in section 2, we extend jj to be the function in R™ such that -fj € C 1:Cr (R") 
and 7j — 1 € iJ2+ a (R n ) with supp(7j — 1) C B. Hence v is also a weak solution of the 
elliptic equation V ■ (y/jiy/j2)Vv = (^/tT-^/tT) ■ F in B, we get the following estimate 

(4.2) M\m { B)<\\F\\ H -HB) < H^IIh-icr-). 

The goal now is to bound ||F|| ff -i( Rn ). Following the argument in [10] and (4.1), let 
g = V(log ^/tY + log ^72) and denote by / the extension of / € L 2 (Vt) by zero to R". Then 
for if e Hq(£Y) wc have 



(F, ip) = / -V-yV^ + {gVv)Tpdx 
Jo. 

= / — Vt>V<y5+ (gX7v)ipdx 

JR" 

({ik)FVv + F(gVvj) J^dk. 



Hence 



\{F,<p)\ = Uj(ik)TVv + T(gVv)\ 2 (l + \k\Y l dky\\ip\\ HHU ny 
Here T denotes the Fourier transform. Since 7j € H^ +er (fi), it follows that 
II^Hl-ifRn) = / \{ik)FVv + F{gVv)\ 2 {l + \k\ 2 )- l dk 

JR" 

<[ KifyFVv + FigSTv^il + lkfy^k 

J\k\<R 

+ [ \{ik)FVv + F{gVv)\ 2 {l + \k\ 2 y l dk 

J\k\>R 



'\k\>R 
<R n m)FVv + F{gVv)\\ 2 L ^ (B ^ R)) 

+ ^iisviiu»(R») + / (1 + ifci 2 )^i^v;f (1 + ifci 2 )-^fc 



J\k\>R 

<R n \\{ik)FVv + F{gVv)\\ 2 Lx(B ^ R)) 
(4-3) +^\ g ^„^ )+ ?L^ 



Now we will need to estimate \\(ik)TVv + F(g\7v^ ]l 



L< x >(B(Q,R))- 
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From (3.14), (3.15), (3.16) and Lemma 3.6, we have 
Jo 



<| / l\d v {u\ - u 2 )uidS\ +| / ^id v (ui - u 2 )uidSy 

Jao+, B Jao_, e 

<. s -2<r , .-1 . II X -A. ,JI 2S + .s 2 



A 7l A 72 



s1|A 7l - A 72 | 



(4.4) 



+ e cs ||A 7l -A 72 || 2 ||u 2 || 2 ¥1(n) . 



Denote q = (ik)\7v + (,gVv). Plug u, 
that 



/^- 1 e 2; -Ci(i +-0 i ),j = 1,2, into (4.4), we obtain 



2 Md 2 



\Hl)(k)\ 2 =| / e- ik - x (iW(log VtT- log V72") + (Vlog VtT) 2 - (VlogV^) 2 )d: 
Jo 

<l / (VtTvv^ - V^vv^T) ■ v( : e-*-*^ + ^2 + VuMWl 2 
Jo v V7i V^2 ' 

(4.5) + s- 2ct + s- 1 + ||A 71 - A 72 ||f + s 2 ||A 71 - A 72 || 2 + e cs ||A 7l - A 72 || 2 || U2 | 

To estimate 

I / (VtTVVtJ- VtJV^T) ■ v( — J-= e- ife ' x ^i + V2 + <M 2 )W| 2 
Jo v V7i V72 / 

<l / (VtTVVtJ - v^VVtT) • V(— J— e~ ikx ) (^1 + V'2 + ^2)dx\ 2 
Jo v V7i V72 / 

+ I / (\/7r v V72 - v/^Vti) • ( — — e'^XV^i + VV'2 + V(V'iV2))rfx 
Jo V71V72 



:/ + //. 



For /, using Theorem 3.1 and the definition of ipi = ^^(e 2 s — ^y~ ) -|- ^/T^e 2 ^ 
V^ 1 + •i/ 7 ' i2 : we can deduce that 

I <{\k\ 2 + l)(ll^i|| 2 L2( o) + IIV^Ul^o) + ll^illiW^lliW 

<(|fc| 2 + 1)( S - 2 - 2 ^ + S - l {\\ Wl \\\ ir _ + \\w2\\% 1/a )) 

Cl C2 

^l/cl^^-^ + ^dkiH^ + ll^ll^/O). 

Ci C2 

To estimate II, we divide it into two parts. 

11 <l / U/ti\V^- Vt^v^T) • (_J__ e -**-«)(vv» u + vv^ 21 + V(ViV 2 ))^| 2 

Jo V71V72 

+ 1 / (VtTVV^ - VT2VVT1) • (^=^er* k -*)m 12 + ^ 22 )dx\ 2 

Jo V71V72 



For J, using Lemma 2.1, 

^ <^ 2ff + ll^ilMIW> 2 || L , + ||^|MIWi||j 



< 



-2a 1 / -1-cr 



+ (s l a +S-2\\ Wl \\. 1/2 )(s a + Si\\w 2 \\ yi/2) 



^2 



+ (s J CT + s 2J| W2 j| /2 )( s CT + S 2|| Wl |j 1/2 ) 
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To estimate K, we deduce that 

1 



/ 






SIKIl£»(fl) + IMIl^) + ll*B«'l|| J j i(HB) + ll*Bttf2|| Hi(RB) 

^s -1 (||w;i ||^.i /2 + |M| 2 - i /2 ) + (||wi||^i/2 + ll^ll^i/s) 

by using Theorem 3.1. Here $b is some Schwartz function with compact support. 
Based on the argument above, we have the following estimate. 

TOWI 2 <\k\ 2 {s- 2 - 2 ° + s-\\\ Wl \\\ in + \\w 2 \\% 1/2 )) + (|M| xl/ 2 + \\w 2 \\ ± y.) 

X Cl X <2 Cl C2 

(4.6) + ,s- 2CT + s' 1 + ||A 7l - A 72 ||f + e"'j|A 7l - A 72 || 2 . 

Note that ||«2||#im) 

Integrating on both side of (4.6) and using estimate (3.11), we get 

TO(*0| 2 <|fc| 2 (A- 2 - 2CT + \ ! f X s-\\\w4\u* + \\w 2 \\ 2 1/2 ))dsd v 

-1 i- (-2A 



(11^111^.1/2 + \\w 2 \\^i/2)dsdr] 

A JS"- 1 JX <•'! «2 

+ A- 2ff + A- 1 + ||A 71 - A 72 ||f + e cA ||A 7l - A 72 || 2 
<|fc| 2 (A- 2 - 2CT + \-\\- 2 ° + A" 1 )) + (A- 2ff + A" 1 ) 

+ A~ 2ct + A" 1 + ||A 71 - A 72 ||f + e cA !|A 7l - A 72 || 2 
<|fc| 2 (A- 1 - 2CT + A~ 2 ) + \- 2a + A" 1 
(4.7) +||A Tl -A T2 ||f + e cA ||A 7l -A 72 || 2 . 

Varying rj in a small conic neighborhood U rj G S n ~ 1 , we get the estimate (4.7) uniformly for 
all k G E = {k G R" : k orthogonl to some fj G U v }. 

Fixed R > and /c G R n . Let f(k) = J r (q)(Rk). Since q is compactly supported, .F(g) is 
analytic by the Paley- Wiener theorem and 



r\<*\ R H 



e 



nR 



\D a f(k)\ < ll9lU 1(n ) (diam(n) _ 1)W < C a!(diam(n) -i )H tt! * C ( diam(^)-i)l«l a! 

for any a G N". Let D = B(0, 2) and £ = EnB{0, 1) with M = Ce nR and p = diam(fi)- 1 . 
From Proposition 2.4, there exists 9 G (0, 1) such that 

(4.8) \Tq{k)\ = \f(k/R)\ < Ce^-^WfW^ < Ce nR ^\\F q (k)\\U {E) 

for all fcG B(0,R). 

Using (4.8), together with (4.7) and (4.3), we get 

II^I| 2 h- 1(R ") <R n e 2nR ^ (R 2 {\- l - 2 ° + A- 2 ) + A- 2ff + A- 1 

+ ||A 71 - A 72 ||f + e cA ||A 7l - A 72 || 2 ) 6 + R- 1 



< R n e 2 nR (l-6)(^-2„ + A -l + n^ _ ^jlj + ^Ap^ _ j^ujy 



i?" 1 
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if A > R 2 > 1. Thus, 



\F\\l- 1{Rn) <^ e 2nfli ^(A- 2 - + A- 1 )+i?fe 2 " i?i ^||A 7l -A 72 ||f 
+ i?te 2ni?i ^e cA ||A 7l - A 72 || 2 + i?^ 



<i?f e 2 "«^A- 2 ^ + i?te 2nfli ^||A 7l - A 72 
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7l J1 72ll* 



(4.9) + R%e 2nRl r L e cX \\A 11 -A l2 \\l+RJr 

Here 



Choosing 



such that 



P = (J ifO<cr<±, 

P = \ if | < a < 1 . 



A = (iT+ie 2 ™-^ 1 -^)^ 
.Rfe^^A- 2 ^^, 



we proceed 

(4.10) ||F|||_ 1(Kn) <i?f e 2 " fl ¥||A 7l -A 72 ||f + J Rf e 2 " i? ¥ e ^||A 7l -A 72 || 2 +iT 

Using the fact that 

<exp(e [ e + ~ + W + W |K J foralli?>0. 
Setting K = S + 2n±^ + s±i + 2%^*, (4.10) leads to 

o a 2pa pu 

(4.H) ll*1lf- 1( ra») < e eA '"(||A 7l - A 72 ||f + ||A 7l - A 72 || 2 ) + R=r . 

If 

A < A = (R n + 1 e 2nR ^ 1 - §) )^s < ( e R{n+l) e 2nR{l - §) )^ , 

then 

2(39 

R ^~ 7 n - logA =:flo. 

3n + 1 - 2n6» 

We take S < S < 1 with 

5 < e 
If j|A 7l - A 72 ||* < 8 and R = -^ log | log ||A 7l - A 72 ||^|, we have A > A . Then 

1 
K 

Now if ||A 7l — A 72 ||* > S > 0, then we have 

M ee M ~ M 

(4-13) H^H^-M^) < -^^^ < -^rl|A Tl - A T2 |U- 

2 2 

for some M > 0. For any / e L°°(R n ) and < a < 1, we deduce that 

l/(z)l^ < ll/III^I/WI 2 

for almost every x £ M 71 . Then we have 



(4.12) ||F|| H - 1(M „)< j|A 7l -A 72 j|« + -log|log||A 7l -A 72 ||»| 



Ti-^ILi,^^ < 1171-7211^ 
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From Morrey embedding theorem, we obtain that 

(4-14) ||7i - 72||c»--(R«) £ Il7i - 7211^1,, 

From (4.2) and (4.12), (4.13) and (4.14), we have 

||7l -l2\\c«."(B) <ll7l -72|l w i, T 



<||7i-72|| H i 



W '!- s (B) 

1m 



2(i-a-) 



£11 log VtT - log Vt^H H1 n (B) 



■I _■, . g(l-J) 



(4-15) <(||A 71 -A 72 ||: + -log|log||A 71 -A 72 ||: 
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